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Abstract 

Fractional derivatives and integrations of non-integers orders was introduced 
more than three centuries ago but only recently gained more attention due to 
its application on nonlocal phenomenas. In this context, several formulations 
of fractional electromagnetic fields was proposed, but all these theories suffer 
from the absence of an effective fractional vector calculus, and in general are 
non-causal or spatially asymmetric. In order to deal with these difficulties, we 
propose a spatially symmetric and causal gauge invariant fractional electromag- 
netic field from a Lagrangian formulation. From our fractional Maxwell's fields 
arose a definition for the fractional gradient, divergent and curl operators. 



1. Introduction 

The calculus with fractional derivatives and integrations of non-integers or- 
ders started more than three centuries ago with l'Hopital and Leibniz when the 
derivative of order | was suggested This subject was also considered by sev- 
eral mathematicians as Euler, Fourier, Liouville, Grunwald, Letnikov, Riemann 
and others up to nowadays. Although the fractional calculus is almost as old 
as the usual integer order calculus, only in the last three decades it has gained 
more attention due to its applications in various fields of science, engineering, 
economics, biomechanics, etc (see for a review). 

Fractional derivatives are nonlocal operators and are historically applied 
in the study of nonlocal or time dependent processes. The first and well es- 
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tablished application of fractional calculus in Physics was in the framework of 
anomalous diffusion, which are related to features observed in many physical 
systems (e.g. in dispersive transport in amorphous semiconductor, liquid crys- 



tals, polymers, proteins, etc 



). Recently, the stud of nonlocal quantum 



phenomena through fractional calculus is in fast developing, where the nonlo- 
cal effects are due to either long-range interactions or time-dependent processes 
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witn many seal* 



with many scales 
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Rclativistic quantum mechanics 



27| and gravitation 



has been 



also recently considered in the context of fractional calculus. One of the most 
remarkable applications of fractional calculus in Physics was in the context of 
classical mechanics. Riewe 29[ showed that Lagrangian involving fractional 



time derivatives leads to equation of motion with nonconservative forces such 
as friction. It is a remarkable result since frictional and nonconservative forces 
are beyond the usual macroscopic variational treatment [30I ] , and consequently, 
beyond the most advanced methods of classical mechanics. Riewe generalized 
the usual variational calculus for Lagrangian dependents on fractional deriva- 
tives [3] in order to deal with usual nonconservative forces. Recently, several 
approaches have been developed to generalize the least action principle and the 



Euler-Lagrange equations to includes fractional derivatives [29J, |31|, |32j, |33[ . In 
this formalism, since the fractional derivatives are nonlocal, the Euler-Lagrange 
equations appear to not respect the causality principle when the Lagrangian 
contain fractional time derivatives. This difficulty is recently under investiga- 



tion by several authors 

Although fractional calculus is an old subject and has several successful ap- 
plications in Physics, the vector fractional calculus has only 10 years and all 
its different formulations have some problems of consistence (see [19( and ref- 
erences therein). Recently Tarasov 19] used the fractional generalization of 
the Fundamental Theorem of Calculus in order to fix some of these inconsis- 
tencies and formulate a fractional electromagnetic theory. Fractional Maxwell's 
equations can describe electromagnetic fields in media with fractional nonlocal 
properties, like in superconductor and semi-conductor physics 
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and 
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in accelerated systems 



proposed 
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23|. Several other fractional electromagnetic fields are 



37j by substituting the divergent and curl operators in the 



Maxwell's equations for fractional ones. As a consequence all these proposals 
for a fractional electromagnetic theory depend on the fractional vector calculus 
we choose. Furthermore, despite symmetries and gauge invariance have played 
a central role in theoretical physics, all these proposals also suffer from spatial 
asymmetries due to the fractional derivatives and are not gauge invariant. Re- 
cently, Herrmann [27] has investigated gauge invariance in fractional fields in 
the context of fractional relativistic wave equations. He reproduced the spec- 
trum of baryons accurately [27j , stating fractional gauge fields as an interesting 
alternative approach to establish a SU (n) symmetry in fields theories. Hence, a 
consistent formulation of fractional electromagnetic fields, as well as the inves- 
tigation of gauge invariance, symmetries and causality, is important for several 
physical applications. In the present work, in order to not deal directly with the 
present difficulties of the fractional vector calculus, we take a different approach 
by starting with a formulating of a gauge invariant fractional field. We propose 
a fractional gauge invariant theory by introducing a fractional field strength ten- 
sor. The field's Lagrangian density is construct and the equations of motion are 
obtained from the fractional action principle 
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32 



33] . From our general- 



ized fractional Maxwell's fields arose a new definition for the fractional gradient, 
divergent and curl operators. However, we show that we can not obtain a causal 
gauge invariant fractional electromagnetic field with fractional time derivatives 
from a direct generalization of the field strength tensor and the action principle. 
A causal fractional theory is obtained only for first order time derivative and 
real order a > spatial derivatives, resulting in a non-covariant theory. 

Finally, in this paper we use the Riemann-Liouville fractional calculus [lj]. 
It is the most popular fractional calculus approach. Although we choose the 
Riemann-Liouville calculus, our results are general and can be straightforward 
generalized to others fractional calculus, like the Caputo [2] fractional calculus 
and others approaches [l|, Q ■ 

Our paper is organized as follows. In section 2 we review the Riemann- 
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Liouville fractional calculus and we obtain the fractional Eulcr-Lagrang e equa- 
tion for a particular case of the more general fractional action principle 



32, 



29 



31 



33j . A didactic discussion of the impossibility to obtain a causal electromag- 
netic field from a direct generalization of the field strength tensor and the action 
principle is done in section 3. In section 4, we propose a spatially symmetrical 
Lagrangian in order to obtain a gauge invariant fractional Maxwell's field. From 
our electromagnetic field arose a definition for the fractional vector operators. 
The conservation law for for electric charge and the fractional electromagnetic 
waves are studied in section 5. Finally, our conclusions are presented in Section 
6. 

2. The Riemann-Liouville Fractional Calculus and Factional Action 
Principle 

Let / : [a, b] M be a real valued function / s C'" - ' [a, b] where n £ Z. We 
define the differ-integration operator a D™ of integer order n as 

(« > 0) 

/<■'■) = [ f{x) (n = 0) (1) 

£7(z)(dzT" (n<0) 



where the — n-fold integration is defined as 



f(x)(dx)~ n = / / / •••/ / f{x 1 )dx 1 dx 2 ■ ■ -dx-n-idx-n 

J a J a J a J a J a 

where the last equality follows from the Cauchy formula for repeated integration. 

In the Riemann-Liouville fractional calculus the left and the right fractional 
integral of order a, ft £ K are defined, respectively, by the analytically continu- 
ation from © 

aD " /( * ) = rF^r (x ( a<0 '"' aeR ) ( 3 ) 

and 



b 
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The left and the right Riemann-Liouville fractional derivative of orders a, f) > 
{a, f3 e M) are defined, respectively, by a D%f(x) = a D^~ n a D^f(x) and 
x D%f(x) = (-l) n x D?- n x DZf(x), namely 
1 d n f x f(u) 

(5) 

and 

= fS) £ jf {u (» = [/?] + i, /? e m;, 6 e R). 

(6) 

where stands for ordinary derivatives of integer order n = [a] + 1 or n — 
[0] + 1. When a or /3 is an integer, the Riemann-Liouville fractional derivative 
iJSJ and ([6]) reduces to ordinary derivatives. Finally, it is important to notice 
that the Riemann-Liouville differ- integration operator are nonlocal operators. 
The left (right) differ-integration operator ([5]) (([6])) depends on the values of the 
function at left (right) of x, i.e. a < u < x (x < u < b). 

Let us consider now a real valued function / : O — » R of d + 1 real variables 
a; , x 1 , ...x defined over the domain f2 = [do, bo] X • • • x [ad, bd] C R d+1 . We can 
define the left and the right Riemann-Liouville partial fractional derivatives of 
order a^,^ e M"j_ with respect to x^ as Q (n M = [a M ] + 1 or = [/3^] + 1, 



0^,6^ G R) as 



a ^ f{ x\...y) = —^ — -o n j f x f{A yf~\^f^-" ,xd) du (7) 



and 



where 9" is the ordinary partial derivative of integer order n with respect to 
the variable x. If we identify the variable xq with the time, the left (right) 
differ-integration operator ([7]) (©) are dependent on the past (future). It is 
important to mention that if we want to construct a causal theory, we need 
to consider equations of motions for the fields with only left Riemann-Liouville 
time derivatives ([?])■ 
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For the generalized fractional electromagnetic field we proposed in section 
4, it is convenient to introduced the left-right fractional Riemann-Liouville op- 
erators 

a? =\{*j%* - , (9) 

since we are going to deal with Lagrangians C {A^, | iaffi" — ndjj^ A^,x^ 
dependents on N fields = A^(x°, ...x d ) (fi = 1,2, ...,N) and its left-right 
Riemann-Liouville fractional derivatives of orders < a^,/3^ < 1. The minus 
signal in (j^J is due to the minus signal in (jHJ for < /3 M < 1 . It is important to 
notice that for a M = (3^ the operators © becomes Riesz fractional derivatives 
I39L [40!] - Furthermore, we want to find the extremum condition for fractional 
actions S defined by 

S= [ C^dfA^x^dx^), (10) 

where we follows the notation in line with [18|, where jC(A m , ■ • - ) = C(Aq, ...An, ■ ■ ■), 
£(•••, dfA„, ...) = £.(..., dfA , dfA , dfA N , dfA N ■■■),£(■■■, x») 
= £(■ ■ ■ , x°, x d ) and (da; M ) = da; • • • dx d . In order to develop the action prin- 
ciple of our model, it is convenient to formulate an fractional Euler-Lagrange 
equation for (fT0|) . We introduce the following theorem: 



Theorem 1. Let a M , /3 M G R with < a^,/?^ < 1, and S be an action of the 
form 

S = J C (V i (a v d«» - v dfc) A^x^j (dx,), (11) 

defined on a set of N fields A^ G C 1 [a, b] and satisfying the boundary conditions 
A^{a) = A afl and A^{b) = A^. Also let C G C 2 [a,b] xt M . Then the necessary 
condition for S to possess an extremum is that the fields A^ fulfills the following 
fractional Euler-Lagrange equation: 

' >C §TT = 0, (12) 



OA, v d(dfA,) 

where we follows the standard convention where we perform a summation over 
repeated indices. 

proof. In order to develop the necessary conditions for the extremum of the 
action (fTTj) , we define a family of fields A^ 

A»=A*+e^, (13) 



G 



where ^4* is the desired real function that satisfy the extremum of (|TTj) , e 6 K, 
and rjfj, 6 C 1 ^, b] satisfy the boundary conditions 

ffo(a) = ^(6) = 0. (14) 

The condition for the extremum is obtained when the first Gateaux variation is 
zero: 



SS — lim 



S[A*+e Vli \-S[A*] 





2 d{dv^A* ll ) 2 5(3^ A* 

(15) 

Using the formula for integration by part , the boundary conditions (|14p 
and the fundamental lemma of the calculus of variations, we obtain the fraction 
Euler-Lagrange equations (1121) . Finally, it is important to mention that our 
action principle generalizes [39j and is a particular case of the more general 



theorem proposed in 



31]. 



3. A Non-Causal Gauge Invariant Fractional Maxwell Field 

The main objective of this section is show that it is not possible to obtain 
a causal fractional electromagnetic field with fractional time derivatives from a 
direct generalization of the held strength tensor and the action principle, by sub- 
stituting the integer order derivatives by fractional ones. By causal fractional 
electromagnetic fields we means a theory described by fractional Maxwell's equa- 
tions containing only left Riemann-Liouville time derivatives. As we stated in 
the last section, left Riemann-Liouville time derivatives are nonlocal operators 
dependent on the past time, consequently, they are nonlocal causal operators. 
On the other hand, if right Riemann-Liouville time derivatives are present in 
the fractional Maxwell's equations, the fields will be dependent on the future 
time, resulting in a non-causal theory. 

Let Afj_ — (ijj, —A) be the 4- vector electromagnetic potential. The usual 
Maxwell's field strength tensor is given by 

= d^Av - dvAp, (16) 
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where we use, as usual, xq = ct, and the Minkowski metric rf LV = i]^ — 
diag(+l, — 1, — 1, —1), and we use the standard convention that the Latin indices 
run only over the space coordinates (i.e. k, ... = 1, 2, 3) and the Greek indices 
(excluding a, /3) includes both time and space coordinates (i.e. fi,is,a,... — 
0,1,2,3). The direct fractional generalization of (fl6|) we propose is obtained 
by changing the order of the differentiation i9 M from the integer order 1 to an 
arbitrary order < a < 1, where a £ R, namely 

— fj,9"A u — vdfrA^, (17) 

where the components of the fractional field strength tensor F^ v , defined over 
the domain Q = [ao, bo] x [ai, b\] x [02, 62] x [03, 63] C R , are idcntihed with the 
fractional electromagnetic fields by 

/ n F, a F, a F, a \ 



pa _ 








E v 


B a z 


K 





~B a z 


B a y 











Ef 


-By 


B a x 






(18) 



y -E- -ts- t% u j 

where we have defined the F^ components to be the fractional electric fields 
and the F°j components to be the fractional magnetic fields. The fractional 
electromagnetic fields defined by (jTTJ) and (fTS)) are nonlocal fields due to the 
right Riemann-Liouville partial fractional derivatives in (|T7| . We choose the 
non-causal right Riemann-Liouville derivatives in (|17|) in order to obtain a causal 
second pair of fractional Maxwell's equations and non-causal first pair ones, as 
we will show in this section. On the other hand, if we choose left Riemann- 
Liouville derivatives on (|17[) . it results in a non-causal second pair of fractional 
Maxwell's equations and causal first pair ones. 

It is important to notice that, like in the standard electromagnetic theory, 
all the physical properties of the fractional electromagnetic field are determined 
not by the potential , but rather by the tensor F" . The reason for this is that 
fractional electromagnetic tensor (|17j) exhibits gauge invariance. By changing 
the 4- vector potentials in the following way 

A M ► A^ + M (19) 
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the effect we have on the fractional field strength tensor is 

SF^ = ^{A v + v d%<t>) - „dZ(A„ + ^cfy - = ^ v d%4> - „d^d?<f> = 0. 

(20) 

Thus, the transformation (fH?|) does not change the form of the fractional field 
strength tensor. The gauge invariance of the tensor (fT7f will play a funda- 
mental role in the formulation of a causal second pair of fractional Maxwell's 
equations. From the fractional Euler-Lagrange equations 31] it follows that 



tensor fields defined as in (|17[) (dependent only on right fractional derivatives) 
will result in fractional equations of motions dependents only on left fractional 
derivatives. As a consequence, these equations of motions for the electromag- 
netic fields (IT7|) are causal. 

Finally, the Lagrangian density of the fractional electromagnetic field can be 
construct from the tensor F£ v defined in (|T7|) by 

1 



■-Field 



167TC 



W> (21) 



where F£" = rf-Prf 'F™. The fractional electromagnetic action is then given 

by 

S = -r^- [ F^FifidxJ 4 / fMdx»), (22) 
iD7rc Jn c Jo 

where (dx M ) = cdtd 3 x, j M = (cp,j) is the 4-vector current and the second 
term on the right hand side accounts the interaction between the matter and 
the fields, and the domain fi = [ao,&o] x x [02,^2] x [03,63] C K 4 with 

— 00 < a M < < 00 is the time-space physical dimension of the system. 
The necessary condition for extremum of the action functional defined above is 
given by the fractional Euler-Lagrange equations |31| . From [31 



we obtain the 



fractional generalization of the second pair of Maxwell's equations 

Air 

a W = f- (23) 

c 

These equations are causal in the sense we have only left fractional derivatives 
on (|23p . This fact is more evident if we identify the respective components of 
the field strength tensor with the electric and magnetic fields. From (|2"3")) we can 
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rewrite the second pair of fractional Maxwell's equations (1231) in a more familiar 
form 

div°;E a = Airp 

An 1 ( 24 ) 
cur l« B « = — j + - Q df E Q , 

where a d" = c q q 9q , and we defined the left fractional divergent and curl of a 
vector field F as 

dWIF = a d^Fi and curl^F = eie ijka d?F k , (25) 

where are orthogonal unit vectors, Fi are components of the vector field 
F = Fiei and eij k is the Levi-Civita symbol. In (|24|) we have only one time 
derivative and it is a left fractional derivative, resulting in a causal second pair of 
fractional Maxwell's equations. However, an additional non-causal field equation 
should be added in order to completely fix the fractional electromagnetic fields. 
Like in the usual electromagnetic fields, it is important to notice that the second 
pair of fractional Maxwell's equations do not completely fix the properties of 
the fields. It can be seen from the fact that (|24|) fix the time variation of the 
fractional electric field (related to the fractional derivative a d"E a ) but not the 
time variations of the magnetic field. In order to completely fix the fields, we 
need to obtain a fractional generalization of the first pair of Maxwell's equations. 
From (fT7j) it is easy to check that 

P dZF°„ + ^F« p + „d b Q F« = 0. (26) 

By identifying the components of (|2"B)) with the electric and magnetic fields we 
obtain the non-causal first pair of fractional Maxwell's equations 

div^B Q = 

! (27) 
curl«E Q = -— t d£B a , 

where 

div£F = i3£Ti and curl^F = ei £ ijkj d^F k (28) 

are right fractional divergent and curl operators. The left (|25|) and right (|28|) 
divergent and curl operators that arouse in our Maxwell's equations are in line 



10 



with the fractional operators defined in the Tarasov fractional vector calculus 
(l9l |. Despite the non-causality of the fractional electromagnetic fields defined 
from (|16p . we can make another criticism to the fractional Maxwell's fields 
studied in this section. While the first pair of fractional Maxwell's equations 
(|27[) contain only right Riemann-Liouville fractional derivatives, the second pair 
ones (pMf contain only left derivatives. On other words, the differential equations 
on ([Ml) depends on values of the fields at the left of the spatial coordinates Xi 
and the differentials equations on ([27)1 depends on values at the right of the 
spacial coordinates. There is no physical justification for this spacial asymmetry 
of the Maxwell's equations. Furthermore, due to this asymmetry, a continuity 
equations for the sources can not be obtained from the fractional Maxwell's 
fields (El and 

4. A Generalized Gauge Invariant Fractional Electromagnetic Field 

In order to deal with the spacial asymmetry of the Maxwell's equations (|2T[) 
and (|24p and obtain a spacial symmetrical theory, in this section we propose a 
fractional generalization of (jTTJ) containing both left and right fractional deriva- 
tives. Furthermore, the fractional Maxwell's equations we obtain give us a new 
definition on fractional divergent and curl operators. The generalization of (|17|) 
we propose is given by 

= - X; )Au - \{aK» ~ „<" )A li = dfA v - dfA„ , (29) 

where a^,f3^ 6 K with < a M ,/3 M < 1, and we introduced the left-right 
Riemann-Liouville fractional derivative ([9]). In ([29)) we consider the most general 
case where to each component x^ we associated a different fractional Riemann- 
Liouville derivative (of order < < 1 and dependent of the real parameter 
<z M if a left derivative, and of order < /3 M < 1 and dependent of the parameter 
if right ones). The resulting Maxwell's equations will display spacial symme- 
try if the two order parameters are equal a M = and if 6 M = — a^. Finally, 
the components of the two parameters fractional field strength tensor F"P are 
identified with the fractional electromagnetic fields as in (|18p. 
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Like in the previous section, it is easy to check that the fields (|29p are gauge 
invariant. By change the 4- vector potential in the following way 

A^A^ + dffr (30) 

the effect they have on the tensor of the electromagnetic field is null, 

SFtf = 9f (A, + df4>) - df {A, + df<fi) - F$ 
= dfdf4>-dfdf4> = 0. 

It is important to mention that, since our field strength tensor is gauge invariant, 
we can formulate a fractional generalization for the Lorenz gauge condition. 
By taking the left-right Riemann-Liouville fractional derivative of the 4-vector 
potential and equating to zero, we obtain the fractional Lorenz gauge condition: 

8fA» = dfAi + dfi; = 0, (32) 

where A^ = if" ' A v . 

The action for the fractional generalized electromagnetic field is defined as 
in as 

S = -t^t [ FtfF^dxJ - I / fA,{dx,\ (33) 

where F^L = ■q^ p rf a Fp^ . It is important to notice that the action (|33|) is a 
functional on the left-right Riemann-Liouville derivatives ([9]) of the potential 
instead of the right Riemann-Liouville derivative as in (|2"2"|) . The necessary 
condition for cxtrcmum of the action (1331) is given by the fractional Euler- 
Lagrange equations (fT2|) . It give us the fractional generalization of the second 
pair of Maxwell's equations 

0S a F% = (34) 

where d@ a are the fractional left-right Riemann-Liouville derivative operators 
(|9j). It is important to remember that in (|34[) the Einstein summation is realized 
only for index fx, v, p, etc but not for the fractional index a and ft. As in the 
previous section, in order to completely fix the fractional electric and magnetic 
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fields, we need to generalize the first pair of Maxwell's equations. From (f?5|) . it 
is easy to check that 

dfF^ + d?F?f + dfF^ = 0. (35) 

By introducing the left-right fractional gradient, divergent and curl operators, 
for a field F and a function (j>, as 

gvad a U = ei df<j>, diY^Y^dfFi and curl Q/3 F = e iEijk dfF k , (36) 

and by identifying the components of and ([33)) with the electric and mag- 
netic fields as defined in (|Tg]) (with E a/3 and B Q/3 instead of E Q and B", respec- 
tively) we obtain now the following fractional Maxwell's equations 



div^E"' 3 


= Airp 


curl^B^ 




div Q,9 B Q ^ 


= 0, 


cur r^ E «/3 





The field equations (|37[) contain now both left and right Riemann-Liouville 
derivatives. By choosing a M = /3 M and = — a M the left-right operators reduces 
to Riesz derivatives and the fractional Maxwell's equations becomes spatially 
and time symmetric. Furthermore, when aa — /3o — 1, the fractional time 
derivatives on the left-hand side of (|37| reduces to usual first order derivatives. 
In this case the electromagnetic fields resulting from (|37|) are causal. Finally, 
it is important to notice that we do not started with a previous definition of 
fractional vector calculus operators. It is from our electromagnetic fields that 
arose a new definition for the fractional divergent and curl operators (I35j) . In 
order to complete our fractional vector calculus, we also add a definition for a 
fractional gradient operator. A criticism to our approach is that, different from 
[l9l |. we can not formulate fractional generalization of integral vector theorems. 
As a consequence, it is not possible to obtain the Maxwell's equations in integral 
form for our fractional gauge invariant fields. 
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5. Charge conservation and wave equations 

In this section we investigate the charge conservation and wave equations 
for spatially symmetrical and causal gauge fields. For this case (a M = /L and 
a o — A) — 1) the time and space derivatives in (|37[) becomes integer order time 
and fractional order Riesz derivatives, respectively. The gauge invariance and 
the presence of Riesz derivatives also display a important role in the electric 
charge conservation law and in the existence of fractional waves. By taking the 
left-right divergent on the second equation of (|37[) and using the first one we 
obtain the fractional continuity equation 

div Q j + -d 2 tP = 0, (38) 

where the Riez divergent operator div" = div aQ is defined by (|3"5|) with — 
Pp. Equation (|38[) is a fractional generalization of the continuity equations 
and is the differential law for the charge conservation in fractional nonlocal 
electrodynamics. On the other hand, for a source free field, we obtain the 
following fractional wave equations for the electric and magnetic fields 

^ET - (div Q ) 2 E QQ =0, 

f (39) 
-S t 2 B aa - (div Q ) 2 B" Q = 0, 

where we take the time derivative of the second and fourth equations in (|37p 
with = ftp and oto — Po = 1- Furthermore, due to the gauge invariance 
of our fields, we also can obtain fractional wave equations for the vector and 
scalar potentials. By inserting E aQ = — grad Q ?/> — -d t A and B QQ = curl™ A into 
the second pair of Maxwell's equations (|37l) . and by using the fractional Lorenz 
gauge (f32j) we obtain: 

4d t 2 A - (div Q ) 2 A = 0, 

C l (40) 

-a 2 ^-(div Q ) 2 ^ = o, 

c z 

where grad Q = grad QQ and curl" = curl™ a are the Riez gradient and curl 
operator defined in (|38p with a M = respectively. 
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Finally, let us consider only the plane-wave solutions for spatially symmet- 
rical and causal fields. In this case the wave equations (j5T))) and (|4"0)) reduces to 
a fractional partial differential equation of the form 

^dMx,t)-(d«) 2 u(x,t) = o, (4i) 

where for simplicity we consider only ^-dependence, and d" = d" a is a Riesz 
derivative. In order to derive the plane-wave solution for fractional Maxwell's 
fields we consider x £ R (a.; = — bi = oo), t 6 K+ (ao = and bo = oo) 
and smooth space periodic u(x,t) functions. By closely following the method 
developed in [411 ] we expand u(x 7 t) in Fourier series: 

oo 

u(x,t)= ]T f k (t)e ikx , (42) 

k— — oo 

where fk(t) are smooth functions. Inserting (|42|) into the wave equation (|41|) 
and using the proposition 2.1 in [ill ] we obtain the following ordinary differential 
equation for the functions fk(t): 

A(0 = Hfc| 2Q c 2 sin 2 (^) /,(*). (43) 

From (|43p we obtain the plane-wave solution for the causal and spatially sym- 
metrical fractional gauge fields introduced in the previous section: 

oo oo 

u{x,t)= fhk cos(ui a t)e lkx + Yl f2, k u>- 1 sm(tj a t)e ikx , (44) 

k— — oo k— — oo,fc^0 

where the constants f± t k and f2, k are the coefficients of Fourier series expansions 
of the initial value conditions u(x, 0) and d t u(x, 0), respectively, and 

w„ = \k\ a csin (^) (45) 

is the fractional time frequency of plane- waves. In the limit a — > 1 ([4"5"j) reduces 
to the usual dispersion relation relating time and space frequencies. Hence, 
equation (|45[) give us an easy experimental test for nonlocality effects in frac- 
tional electrodynamics. 
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6. Conclusion 



In this work we introduced a fractional gauge invariant electromagnetic field 
from a Lagrangian formulation. Different from other proposals for a fractional 
Maxwell's field 
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24 
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37j our model is gauge invariant and display spatial 
symmetry. Furthermore, while all previous proposals suffer from the absence of 
an effective fractional vector calculus, from our generalized fractional Maxwell's 
equations arose a definition for the fractional gradient, divergent and curl oper- 
ators. We also show that we can not obtain a causal gauge invariant fractional 
electromagnetic field with fractional time derivatives from a direct generaliza- 
tion of the field strength tensor and the action principle. A causal fractional 
theory is obtained only for first order time derivative and arbitrary real order 
spatial derivatives. In the last section we investigate the charge conservation law 
and wave equations for our model. We obtained the plane-wave solution that 
give us an easy experimental test for our model. Finally, the action method we 
developed in this paper is general and can be used to construct others fractional 
field theories. 
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